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Summary. — I give an overview of the present knowledge about nonperturbative
functions parametrizing the fragmentation into one or two hadrons of (un)polarized
light quarks in vacuum, including information on their transverse momentum de-
pendence.
PACS 13.66.Bc – Hadron production in e+e− interactions.
PACS 13.87.Fh – Fragmentation into hadrons.
PACS 13.88.+e – Polarization in interactions and scattering.
1. – Introduction
The fragmentation process describes the transition from a highly virtual parton i at a
scale Q2 to one hadron h carrying a fraction z of its energy. The information is encoded
in the fragmentation function Dh1,i(z,Q
2), which is a nonperturbative object since the
hadronization itself is a soft, nonperturbative, process. As such, Dh1,i(z,Q
2) cannot be
deduced from first principles but must be extracted from experiments.
A large amount of data has been collected in the last 30 years by measuring hadron
spectra in e+e− annihilations. Based on these data, several parametrizations ofDh1,i(z,Q
2)
have been released. More recently, new measurements in Semi-Inclusive Deep-Inelastic
Scattering (SIDIS) and in hadronic (p-p and p-p¯) collisions were included in various fits.
A very brief overview is given in Sec. 2 and the most updated parametrizations of Dh1,i
are compared in Sec. 2
.
1 (for brevity, only for light partons in vacuum; for a short review
on medium modifications and heavier flavors, see Ref. [1]).
The dependence of Dh1,i upon the transverse momentum kT of the fragmenting parton
is basically unknown. Most of the phenomelogical studies are based on a simple flavor-
and z-independent Gaussian ansatz. But in several experimental results for hadron
multiplicities the evidence emerges about transverse-momentum distributions depending
on both energy and flavor of the detected hadron. This topic is directly addressed in
Sec. 2
.
2, and also in Sec. 3 where the main three types of models of fragmentation
functions are sketched.
The above considerations apply also to polarized fragmentation functions, actually
to the only one that has been parametrized so far: the Collins function. In fact, only
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its first kT moment could be extracted leaving the kT dependence fully unconstrained
(see Sec. 2
.
3). The Collins effect in spin asymmetries in SIDIS is one crucial tool to
address the socalled transversity parton distribution [2], a poorly known cornerstone in
the knowledge of the (spin) partonic structure of the nucleon. That is why on one side
models of the Collins function were developed and studied in detail (see Sec. 3
.
1 and 3
.
3),
and on the other side alternatives were considered in the ”hunting for transversity”.
The most promising alternative is based on a spin asymmetry in SIDIS with two
hadrons detected in the final jet. The corresponding Di-hadron Fragmentation Functions
(DiFF) are encoded in functions like Dh1h21,i (z1, z2,M
2
h , Q
2), that must depend also on the
invariant mass of the hadron pair, M2h ; the latter represents a second natural scale in the
fragmentation, with M2h  Q2 [3]. Further details and some first results are presented
in Sec. 4.
2. – Single-hadron Fragmentation Functions
In order to extract information on Dh1,i(z,Q
2) from data, the most suitable process
is by far the electron-positron annihilation. Measuring the socalled scaled-energy distri-
bution (1/σtot)
dσh
dz gives direct access at leading order (LO) in αs to the fragmentation
function summed over all active flavors [4]. Well established factorization theorems [5]
allow to explore higher orders in terms of perturbatively calculable coefficient functions,
that are known up to NNLO in the MS scheme [6, 7]. A large amount of data has
been collected in the last 30 years in a wide energy range, 12 ≤ Q ≤ 200 GeV and
0.005 ≤ z ≤ 0.8, and for various hadron species: pi±,K±,K0s , p, p¯,Λ, Λ¯ (see Ref. [8]
and references therein, for a short review). Most experiments were able to disentangle
the contribution of light quarks (u, d, s) from c and b jets. In particular, the OPAL
collaboration released also an analysis with full flavor separation [9].
However, since at LO the e+e− annihilation leads to the back-to-back production of
a quark and an antiquark jet, data only allow for the extraction of the flavor-inclusive
fragmentation function Dh1,q +D
h
1,q¯(≡ Dh1,q +Dh¯1,q). Moreover, the gluon fragmentation
function Dh1,g can only be extracted from 3-jet events that by construction appear at
NLO; hence, it is weakly constrained.
Fortunately, these drawbacks can be compensated by Semi-Inclusive Deep-Inelastic
Scattering (SIDIS) data as well as by data on hadronic collisions. In the valence region
(xB ≥ 0.1), quarks are produced more abundantly than antiquarks and individual Dh1,q
or Dh1,q¯ can be independently extracted. In hadroproduction with p-p and p-p¯ collisions,
the Dh1,g can be directly addressed, particularly for xB  1 or, equivalently, for hadron
transverse momenta P⊥ small with respect to the center-of-mass (cm) energy
√
s available
in the collision. Moreover, since xB = O(P⊥/z) the much larger parton densities of
the projectile/target at small xB allow to probe the fragmentation functions at large z
(> 0.7), complementing the information extracted in e+e− annihilations.
SIDIS data have been collected in the last 15 years for both unidentified (h±) and
identified charged hadrons (pi±,K±, and also Λ, Λ¯) mostly in e−p collisions at HERA
(H1 [10, 11, 12], HERMES [13], and ZEUS [14, 15, 16] collaborations), also at CERN
with muonic (anti)neutrino beams (NOMAD [17]). The explored kinematical range,
1 ≤ Q ≤ 100 GeV and 0.1 ≤ z < 1, significantly enlarges the phase space available
to Dh1,i(z,Q
2), since the hard scale is not constrained at the cm energy as in e+e−
annihilations, Q =
√
s/2. By analyzing scaled-energy distributions in the Breit frame
for events in the kinematical current region at z = Ph/(Q/2), it was possible to compare
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Table I. – Main features of global fit analyses DSS [27, 28, 29], HKNS [26], and AKK08 [30]:
data sample, kinematic range covered, technique for error analysis.
DSS HKNS AKK08
e+e−, SIDIS, pp e+e− e+e−, pp, pp¯
0.05 ≤ z , 1 ≤ Q2 ≤ 105 GeV2 0.01 ≤ z , 1 ≤ Q2 ≤ 108 GeV2 0.05 ≤ z , 2 ≤ Q2 ≤ 4× 104 GeV2
Lagrange multipliers Hessian errors in progress
the results with the corresponding e+e− ones and to successfully test the universality of
fragmentation functions [12].
Hadron spectra in hadronic collisions appeared more recently, thanks to high-precision
p-p measurements at RHIC (BRAHMS [18], PHENIX [19, 20], and STAR [21, 22, 23]
collaborations) and p-p¯ ones by CDF [24, 25] at the Tevatron. At RHIC, P⊥ distributions
of pi’s, K’s, and protons, were measured up to 10 GeV at mid-to-large rapidities (for pi0,
also up to 20 GeV by PHENIX [20]), as well as puzzling data for Λ, Λ¯, by the STAR
collaboration [23].
2
.
1. Unpolarized fragmentation. – The year 2007 represents a sort of turning point
for the phenomenological work about extraction of Dh1,i(z,Q
2) from experiments. All
parametrizations released before this date are based on e+e− data only, they suffer from
large uncertainties at large z and Q2, and fail to reproduce the scaling violations diplayed
by SIDIS data reported by the H1 collaboration [12].
On year 2007, two parametrizations (HKNS [26] and DSS [27, 28], including also [29]),
followed by AKK08 [30] one year later, have been released which include also data from
SIDIS and hadronic collisions, and show an error analysis in the fit. Their main features
are listed in Tab. I.
The scaling violations are described by solving evolution equations at NLO with
different techniques and constraining them to reproduce the longitudinal momentum sum
rule. SU(2) isospin symmetry is assumed for the unfavoured (sea) channel at the starting
scale; AKK08 and HKNS assume it also for the favoured one. AKK08 further includes
the resummation of leading (LL) and next-to-leading (NLL) logarithms for z → 1 both
in the evolution equations and in the coefficient functions of the factorization formula,
somewhat confusing the comparison with the other fixed-order extractions.
In fact, AKK08 and DSS produce very similar results but at large z [27], where the
effect of large logarithms is dominant; HKNS gives a doubtful softer gluon Dpi
±
1,g because
it lacks the constraint from RHIC pp data [26]. Remarkably, all sets fail to reproduce the
STAR data for Λ, Λ¯ production in pp collisions by almost one order of magnitude [23].
2
.
2. Tranverse-momentum dependence. – The completely unknown dependence upon
the transverse momentum of partons is usually parametrized in terms of a Gaussian
ansatz. In SIDIS, the Gaussian width is fixed, for example, by reproducing the data for
the average transverse momentum squared 〈P2h⊥〉 of final hadron h with respect to the
virtual photon direction in the lab [31], because
〈P2h⊥〉 = z2〈p2⊥〉+ 〈K2T 〉 , KT = −zkT ,(1)
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Figure 8: Fitted 〈p2T 〉 vs z2 for two (Q2, xBj) intervals. The fit function is
given by equation (3). The dotted green line is the result of a fit, performed
by [3], to data from many experiments. In the present figure, the 〈p2T 〉 results
from a fit over pT < 0.85 GeV/c.
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Figure 9: Extracted 〈k2⊥〉 vs Q2 for various xBj intervals. The dotted green
line is the result of a fit, performed by [3], to data from many experiments.
Bjx
-210 -110
2
 (G
ev
/c
)
〉2 k〈
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
Preliminary
2
 (G
ev
/c
)
〉2 k〈
1.76 1.92 1.92 1.92 1.93〉2Q〈
COMPASS 2004 LiD (part)+h
-h
Ref.
Bjx
-210 -110
2
 (G
ev
/c
)
〉2 k〈
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
Preliminary
2
 (G
ev
/c
)
〉2 k〈
2.90 2.94 2.95 2.95〉2Q〈
COMPASS 2004 LiD (part)+h
-h
Ref.
Bjx
-210 -110
2
 (G
ev
/c
)
〉2 k〈
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
Preliminary
2
 (G
ev
/c
)
〉2 k〈
4.07 4.47 4.57 4.62〉2Q〈
COMPASS 2004 LiD (part)+h
-h
Ref.
Figure 10: Extracted 〈k2⊥〉 vs xBj for positive and negative hadron compar-
ison. The dotted green line is the result of a fit, performed by [3], to data
from many experiments.
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Fig. 1. – The COMPASS 2004 data for 〈P2h⊥〉 as a function of z2 [33]. Lower (higher) curves
refer to fits for negative (positive) charged final hadrons. Straight (green) line obtained with
constant Gaussian widths.
where p⊥ refers to the initial parton considered again in the lab frame, while KT is the
hadron transverse momentum with respect to the direction of the fragmenting parton
(approximately, the jet axis) and, viceversa, kT refers to the fragmenting parton with
respect to the final hadron.
A new combined analysis of recent SIDIS data (including azimuthally asymmetric
cosφ and cos 2φ modulations in the cross section) and Drell-Yan data has lead to a
new parametrization (see Ref. [32] and references therein). The best fit gives 〈p2⊥〉 =
0.38±0.06, 〈K2T 〉 = 0.16±0.01 GeV2, with a linear dependence in the cm energy s which
broadens the distributions for increasing energy.
However, there are several indications in SIDIS measurements that the aussian
widths should depend at least on z and on the flavor content of the final hadrons. For
example, in Fig. 1 the COMPASS 2004 data for 〈P2h⊥〉 [33] show a clear dependence on
z2 and on the hadron charge, the straight line being obtained with constant 〈p2⊥〉, 〈K2T 〉,
and fitting only few data points.
Similarly, in Fig. 2 the asymmetry between deuteron and proton targets of multiplic-
ities for pions and kaons are displayed as functions of z for recent HERMES data [34].
Nonvanishing (sometimes, large) asymmetries indicate the marked sensitivity of final-
state distributions to the different flavor content of different targets.
Finally, in Ref. [35] a first attempt in describing the evolution of transverse-momentum
dependent (TMD) nonperturbative functions, either initial distributions or final fragmen-
tations, was put forward in the context of a proper factorization theorem. It turns out
that even at LO, for the test case Dpi
+
1,u of interest here, the KT distribution strongly de-
pends on the hard scale Q2 even at very low values of |KT |, getting broader and broader
with increasing Q2.
2
.
3. Polarized fragmentation. – There is only one polarized fragmentation function
that has been extracted from experimental data so far: it is the socalled Collins function
H⊥1 [2]. It is related to the probability density of having a distorted Ph⊥ distribution
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of the final hadron h depending on the direction of the transverse polarization Sq of the
fragmenting quark via the spin-orbit effect Sq · kˆ×Ph, with kˆ pointing in the direction
of the jet axis.
It can appear in e+e− → q↑q↓ → h+h−X events or, more interestingly, in SIDIS on
transversely polarized targets. In fact, a specific azimuthally asymmetric modulation of
the leading-twist SIDIS cross section contains the convolution hq1⊗H⊥h1,q on the transverse
momenta of the initial and final quarks, where h1 is the socalled transversity parton dis-
tribution, a poorly known cornerstone in the construction of the (spin) partonic structure
of the nucleon (for a review, see for example Ref. [36]).
Both azimuthal asymmetries in e+e− and in SIDIS have been measured by the
BELLE [37] and HERMES and COMPASS [38, 39] collaborations, respectively, and
also later with increased statistics [40, 41, 42]. A simultaneous fit of the three data
sets made it possible for the first time to extract a parametrization for the transversity
h1 [43, 44]. The results are presently limited to the valence u, d, quarks because of the
limited kinematical range covered by the experiments. As for the fragmentation, we
speak of favoured (u → pi+, d → pi−) and unfavoured (u → pi−, d → pi+) channels with
the surprising and interesting findings that H⊥pi
−
1,u ≈ −H⊥pi
+
1,u [38].
As prevously said, the Collins function is paired to the transversity in a convolution
on quark transverse momenta. Hence, the knowledge of the whole H⊥1 (z,KT ) function
is crucial to unravel the convolution. However, from the expression of the azimuthal
asymmetry in e+e− only a KT -integrated moment of H⊥1 can be isolated, leaving its
KT dependence unconstrained. The latter has been parametrized similarly to D1, i.e.
with a Gaussian ansatz independent of kinematics and of the involved flavor. Therefore,
the extraction of h1 in Ref. [43, 44] is affected by a model dependence. Moreover, the
azimuthal asymmetries in e+e− and in SIDIS were measured at two very different scales,
Q2 = 100 and 2.5 GeV2 respectively, but evolution effects in the KT dependence were
neglected. Partial results on the evolution properties of the Collins function have been
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Fig. 1. Tree-level diagram for quark to meson fragmentation process.
from gluons. We do not want to promote the specific elements of the model as the “truth”. In fact, it is not unreasonable to expect
that the dynamical mechanism of gluon final-state interactions can be applied also in other models, leading to results similar to
ours. In the future, calculations based on such mechanism might be made more rigorous within a QCD framework.
We also present, for the first time, the Collins function for the fragmentation of quarks into kaons. This calculation is relevant
for the interpretation of recent kaon measurements done at HERMES [16] as well as COMPASS [17] and for future measurements
at BELLE and JLab.
2. Model calculation of the unpolarized fragmentation function
In the fragmentation process, the probability to produce hadron h from a transversely polarized quark q , in, e.g., the qq¯ rest
frame if the fragmentation takes place in e+e− annihilation, is given by (see, e.g., [18])
(1)Dh/q↑
(
z,K2T
)=Dq1 (z,K2T )+H⊥q1 (z,K2T ) (kˆ ×KT ) · sqzMh ,
where Mh the hadron mass, k is the momentum of the quark, sq its spin vector, z is the light-cone momentum fraction of the hadron
with respect to the fragmenting quark, and KT the component of the hadron’s momentum transverse to k. Dq1 is the unintegrated
unpolarized fragmentation function, while H⊥q1 is the Collins function. Therefore, H
⊥q
1 > 0 corresponds to a preference of the
hadron to move to the left if the quark is moving away from the observer and the quark spin is pointing upwards.
In accordance with factorization, fragmentation functions can be calculated from the correlation function [19]
(2)!(z, kT )= 12z
∫
dk+!(k,Ph)= 12z
∑
X
∫
dξ+ d2ξT
(2pi)3
eik·ξ 〈0|Un+(+∞,ξ)ψ(ξ)|h,X〉〈h,X|ψ¯(0)Un+(0,+∞)|0〉
∣∣
ξ−=0,
with k− = P−h /z. A discussion on the structure of the Wilson lines, U , can be found in Ref. [19]. Here, we limit ourselves to
recalling that in Refs. [20,21] it was shown that the fragmentation correlators are the same in both semi-inclusive DIS and e+e−
annihilation, as was also observed earlier in the context of a specific model calculation [20] similar to the one under consideration
here. In the rest of the article we shall utilize the Feynman gauge, in which transverse gauge links at infinity give no contribution
and can be neglected [22–24].
The tree-level diagram describing the fragmentation of a virtual (timelike) quark into a pion/kaon is shown in Fig. 1. In the
model used here, the final state |h,X〉 is described by the detected pion/kaon and an on-shell spectator, with the quantum numbers
of a quark and with mass ms . We take a pseudoscalar pion–quark coupling of the form gqpiγ5τi , where τi are the generators of
the SU(3) flavor group. Our model is similar to the ones used in, e.g., Refs. [25–28]. The most important difference from previous
calculations that included also the Collins function, i.e., those in Refs. [8–12], is that the mass of the spectator ms is not constrained
to be equal to the mass of the fragmenting quark.
The fragmentation correlator at tree level, for the case u→ pi+, is
(3)!(0)(k,p)=−
2g2qpi
(2pi)4
(/k +m)
k2 −m2 γ5(/k− /Ph +ms)γ5
(/k +m)
k2 −m2 2piδ
(
(k − Ph)2 −m2s
)
and, using the δ-function to perform the k+ integration,
(4)!(0)(z, kT )=
2g2qpi
32pi3
(/k +m)(/k − /Ph −ms)(/k +m)
(1− z)P−h (k2 −m2)2
,
where k2 is related to k2T through the relation
(5)k2 = zk2T /(1− z)+m2s /(1− z)+M2h/z,
which follows from the on-mass-shell condition of the spectator quark of mass ms . We take m to be the same for u and d quarks,
but different for s quarks. Isospin and charge-conjugation relations imply
(6)Du→pi+1 =Dd¯→pi
+
1 =Dd→pi
−
1 =Du¯→pi
−
1 ,
Fig. 3. – The spectator approximation for a parton with momentum k fragmenting into a detected
hadron with momentum Ph.
recently published [45], but it is fair to say that a full treatment of TMD evolution in
the Collins effect is still missing.
3. – Models
Since the extraction of fragmentation functions from experimental data is affected
by large uncertainties, as we have seen about the Collins function and, more generally,
about the KT dependence acquired by hadrons during the fragmentation, it is desirable
that this phenomenology is supported by model speculations. In the following, we sketch
three main classes of models that appeare in the recent literatur .
3
.
1. Spectator approximation. – The spectator approximation amounts to describe the
fragmentation as the decay of a parton with momentum k into the observed hadron h
with momentum Ph leaving a residual system in an on-shell state with momentum k−Ph
(see the diagram in Fig. 3). The latter condition grants that most of the calculations
can be performed analytically, including the expression for the off-shellness k2(z) of the
fragmenting parton. The drawback is that only the favoured channel can be taken into
account.
For the typical u→ pi+ channel, two main choices have been adopted in the literature
for the quark-pion-spectator vertex: the pseudoscalar coupling gpiqγ5 [46, 47, 48, 49, 50]
and the pseudovector coupling gpiqγ5γµP
µ
h [51, 52, 48]. In all cases the coupling was
assumed to be point-like except in Refs. [50, 49], where a gaussian form factor was used
with a z-dependent cut-off.
Complicated objects like the Collins function appear if there are nonvanishing in-
terference diagrams involving different channels. In the spectator approximation, these
final-state interactions can be achieved by adding to the left or right side of the diagram
in Fig. 3 insertions involving pions and/or gluons. As an example, i Fig. 4 the KT - inte-
grated 12 -moment H
⊥pi+(1/2)
1,u (normalized to D
pi+
1,u) from Ref. [49] is plotted as a function
f z for thr e differen hard scales and compared with the par metrization of Ref. [43],
whose statistical error is represented by the uncertainty band. The spectator results were
obtained using a pseudoscalar qpi coupling and gluon insertions. The model parameters
were fixed by reproducing the unpolarized D1 at the lowest available Q
2 = 0.4 GeV2,
as it was extracted from e+e− data in Ref. [53]. Since the parametrization of H⊥1 was
performed using SIDIS data for Collins effect at Q2 = 2.5 GeV2, t e band in Fig. 4
should be compared with the dashed (green) line, showing a substantial agreement with
the spectator model.
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(a) (b)
Fig. 4. Half moment of the Collins function for u→ pi+ in our model. (a) H⊥(1/2)1 at the model scale (solid line) and at a different scale under the assumption in
Eq. (37) (dot-dashed line), compared with the error band from the extraction of Ref. [6], (b) H⊥(1/2)1 /D1 at the model scale (solid line) and at two other scales
(dashed and dot-dashed lines) under the assumption in Eq. (38). The error band from the extraction of Ref. [7] is shown for comparison.
In Fig. 4(a), we have plotted the half moment of the Collins functions vs. z for the case u→ pi+. In the same panel, we plotted the
1−σ error band of the Collins function extracted in Ref. [6] from BELLE data, collected at a scale Q2 = (10.52)2 GeV2. In order to
achieve a reasonable agreement with the phenomenology, we choose a value of the strong coupling constant αs = 0.2. Such a value
is particularly small, especially when considering that our model has been tuned to fit the function D1 at a scale Q20 = 0.4 GeV2,
where standard NLO calculations give αs ≈ 0.57 [29,32]. In any case, the problem of the choice of αs is intimately related with the
problem of the evolution of the Collins function (see below).
In Fig. 4(b), we have plotted the ratio H⊥(1/2)1 /D1 and compared it to the error bands of the extraction in Ref. [7]. Also in this
case the agreement is good, with the above mentioned choice of αs = 0.2.
At this point, some comments are in order concerning the evolution of the Collins function (or of its half-moment) with the
energy scale. Such evolution is presently unknown, except for some work done in Ref. [33], which is however based on questionable
assumptions. Some authors (e.g., Refs. [6,7]) assume
(37)H
⊥(1/2)
1
D1
∣∣∣∣
Q20
= H
⊥(1/2)
1
D1
∣∣∣∣
Q2
,
i.e., that the evolution of H⊥(1/2)1 is equal to that of D1. This seems unlikely, in view of the fact that the Collins function is chiral-odd
and thus evolves as a non-singlet. An alternative choice could be to assume
(38)H⊥(1/2)1
∣∣
Q20
=H⊥(1/2)1
∣∣
Q2,
i.e., that H⊥(1/2)1 does not evolve with the energy scale. This is an extreme hypothesis, which cannot be true because at some point
the positivity bound (35) would be violated at large z. We demonstrate this in Fig. 4(b) where we show how the ratio H⊥(1/2)1 /D1
behaves at three different energy scales if only D1 is evolved (we use the unpolarized fragmentation function of Ref. [29] for this
purpose). Clearly, in this case the ratio grows more steeply with z at higher energies, due to the decreasing of D1 in the large-z
region. While the evolution of the T-odd parton distribution and fragmentation functions remain an outstanding issue, these results
show that different assumptions on the Collins function scale dependence have a significant impact and should be considered with
care.
For the fragmentation u→K+ and s¯→K+, the same analytic formulas are used but with the other sets of parameter values.
The results are shown in Figs. 5 and 6 for the u and s¯ quarks, respectively.
4. Asymmetries in e+e− annihilation
The BELLE Collaboration has reported measurements of various asymmetries in e+ + e− → pi± + pi± +X that can isolate the
Collins functions [4]. In particular, the number of pions in this case has an azimuthal dependence [34]
(39)Nh1h2(z1, z2)∝
∑
q
eq
2
(
D1(q→h1)(z1)D1(q¯→h2)(z2)+
sin2 θ
1 + cos2 θ cos(φ1 + φ2)H
⊥(1/2)
1(q→h1)(z1)H¯
⊥(1/2)
1(q¯→h2)(z2)
)
,
Fig. 4. – The spectator model result for H
⊥pi+(1/2)
1,u (z)/D
pi+
1,u(z) from Ref. [49] (see text). Solid
(black), dashed (green), and ot-dashe (red) lines for Q2 = 0.4, 2.4, 110 GeV2, respectively.
Uncertainty b nd f r the phenomenological extraction of Ref. [43].
3
.
2. Nambu-Jona Lasinio jet model . – In the Nambu-Jona Lasinio (NJL) jet model [54],
the fragmentation is represented as a recursive process depicted in Fig. 5. The Dm1,q(z)
can be obtained by solving a se of coupled integral equations bas d on the following
product ansatz:
Dm1,q(z)dz = d
m
q (z)dz +
∑
Q
[
dQq ⊗DmQ
]
(z) ,(2)
where the elementary fragmentation function dmq of a quark q in the meson m describes
each splitting step in Fig. 5, and the sum runs upon all allowed intermediate states Q in
the cascade. In each splitting, the dmq depends on the quark-meson coupling gqmQ, which
is determined from the residue (at the pole of the meson mass) in the quark-antiquark
T matrix [55].
H wever, th above framework is justified only in the Bj rken limit where the quark
initiating the cascade has an infinite momentum and produces an infinite number of
hadrons; only in this limit the momentum sum rule is satisfied. Moreover, the general-
ization to fragmentation into baryons is not trivial. Finally, solving the coupled integral
equations is sometimes a heavy computatio al task. For all hes reasons, the quark-
cascade descripti of the fragmentation has been approached using the Monte Carlo
technique [56]. In this context, the fragment ion function Dhq (z)∆z for a hadron h with
1" Zmq ¼ "
!
@%mq ðkÞ
@k
"
k¼Mq
; (21)
%mq ðkÞ ¼ "{Cmq g2mqQ
Z d4p
ð2!Þ4 "5SQðk" pÞ"5&mðpÞ;
(22)
where Mq is the mass of the constituent quark of flavor q
and&mðpÞ is the Feynman propagator of the meson typem.
III. GENERALIZED NJL-JET
The NJL-jet model of Ref. [19] uses a multiplicative
ansatz for the total fragmentation function to derive an
integral equation for the quark cascade for the process
depicted in Fig. 5. The derived integral equation for the
total fragmentation function is
Dmq ðzÞ ¼ d^mq ðzÞ þ
X
Q
Z 1
z
dy
y
d^Qq
!
z
y
"
DmQðyÞ;
d^Qq ðzÞ ¼ d^mq ð1" zÞjm¼q "Q:
(23)
Here, d^mq ðzÞ ¼ dmq ðzÞ=Pm0ð1" Zm0q Þ (here the sum is
over all possible meson types m0 that the quark of flavor
q can emit in the elementary splitting process). ThenP
m
R
d^mq ðzÞdz ¼ 1, thus allowing an interpretation as the
probability of an elementary process. In Eq. (23) the sum is
over the flavor of the emitte quark Q and the splitting
function of quark q into Q with a light-cone omentum
fraction z is naturally the same as the splitting function of q
into a meson m of a flavor composition q "Q with a light-
cone momentum fraction 1" z.
The result in Eq. (23) resembles the integral equation
ansatz of Field and Feynman’s quark-jet model [1,27].
Rewriting the above expression helps to elucidate the
probabilistic interpretation of the model:
Dmq ðzÞdz ¼ d^mq ðzÞdzþ
X
Q
Z 1
z
d^Qq ðyÞdyDmQ
!
z
y
"
dz
y
: (24)
Here, the left-hand side term has the meaning of the
probability to create a meson m carrying the light-cone
momentum fraction z to zþ dz of initial quark q. The first
term on the right-hand side corresponds to the probability
of creating the meson with light-cone momentum fraction
z to zþ dz in the first step of the cascade, plus the second
term corresponding to the creation of the meson further
down the quark cascade after a splitting to a quark Q with
light-cone momentum fraction y. Here, the probability of
creating the meson m with the light-cone momentum frac-
tion z of the initial quark is the probability of creating the
same meson with the light-cone momentum fraction z=y in
the cascade of the quarkQ, which is clearly only the case in
the Bjorken limit. Thus, the model can be generalized in a
straightforward way by including the strange quark di-
rectly in Eq. (23).
We solve the coupled set of integral equations using the
elementary fragmentation functions of Eq. (23) for u, d,
and s quark fragmentation to a given meson. The corre-
sponding fragmentation functions for the antiquarks are
obtained using charge symmetry starting from the frag-
mentation functions of quarks to the corresponding
antimeson. The comparisons with the phenomenological
parametrizations of Ref. [10] are performed by DGLAP
evolution of the calculated fragmentation functions from
the low-energy model scale of Q20 ¼ 0:2 GeV2 to 4 GeV2,
at NLO, using the software from Ref. [24].
It is easy to see, using the properties of dmq along with the
normalization condition of d^mq , that the solutions of the
integral Eqs. (23) should satisfy both momentum and iso-
spin sum rules. We use a notation,
hfðzÞi +
Z 1
0
fðzÞdz; (25)
and define:
N+XhzDmq ðzÞi; n+X
m
hzd^mq ðzÞi; n0+
X
Q
hzd^Qq ðzÞi:
(26)
Using the equations in Eq. (23) it follows:
N ¼ nþ n0N: (27)
To prove the momentum sum rule N ¼ 1, that is, the
fragmenting quark transfers all of its momentum to the
emitted mesons, it is sufficient to show that nþ n0 ¼ 1:
nþ n0 ¼X
m
ðhzd^mq ðzÞiþ hzd^mq ð1" zÞiÞ ¼
X
m
hd^mq ðzÞi ¼ 1:
(28)
The total fractions of momenta carried by mesons of
type m from the jet of u and s quarks, hzDmq ðzÞi; q ¼ u, s
calculated using the numerical solutions for fragmentation
functions are shown in Fig. 6, which show that the mo-
mentum sum rule is satisfied within the numerical preci-
sion of the calculation of less than a percent.
FIG. 4 (color online). Quark self-energy (color online) .
FIG. 5 (color online). Quark cascade.
MATEVOSYAN, THOMAS, AND BENTZ PHYSICAL REVIEW D 83, 074003 (2011)
074003-4
Fig. 5. – Recursive quark-meson splitting as the elementary mechanism of fragmentation in the
Nambu-Jona Lasinio jet model.
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(HKNS) and [10] (DSS). Similarly, the results for zDKu
prior to and after the vector meson decays are shown in
Fig. 11 and the results for zDPu and zD
N
u are shown in
Fig. 12. For zDPu , the agreement with the empirical
parametrizations from Refs. [12] (HKNS) and [11] (DSS)
is reasonable, while our results for zDNu are well below the
empirical curves. This is because we only include the
scalar diquarks in our model, making the fragmentation
of a u quark to N an unfavored process, while in the
empirical parametrizations it is usually assumed DPu ðzÞ ’
2DNu ðzÞ based on naive SUð2Þ flavor symmetry arguments.
In the future developments of the NJL-jet model, the
inclusion of the axial-vector diquark intermediate states
in the quark to nucleon splitting process will include a
favored channel [depicted in Fig. 2(a)] for emission of a
neutron from a u quark.
The solutions for the zDK
#
s and zD
Kþ
s are shown in
Fig. 13. Here we see the strong discrepancies in the global
fits [10,12] of the experimental data that illustrates the need
for the model calculations providing additional insight into
the quark fragmentation process.
V. CONCLUSIONS AND OUTLOOK
In the current article, we added the vector meson, nu-
cleon, and antinucleon emission channels to NJL-jet
framework for calculating quark fragmentation functions.
We also included the two-body decays of the vector me-
sons to pseudoscalars, which allows for easier comparison
of the calculated fragmentation functions with the experi-
mental measurements or their parametrizations. We
employed the Monte Carlo method to obtain the fragmen-
tation functions in a quark-cascade description. Here we
demonstrated that the Monte Carlo approach to calculating
the fragmentation functions in NJL-jet framework is a
powerful and reliable method.We reproduced the fragmen-
tation functions calculated as solutions of the previously
employed integral equations, where only the light quarks
and pions were included. Moreover, we showed that the
MC approach allows for the flexibility to surpass the
model limitations necessary in formulating the integral
equations. That is, in the future MC studies we can assume
z 
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+
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-
u
(z)
0
0.2
0.4
0.6
0.8
z
0 0.2 0.4 0.6 0.8 1.0
HKNS
DSS
NJL-Jet
with Decays
(b)
FIG. 10 (color online). The solutions for fragmentation function zD#u ðzÞ evolved at NLO to Q2 ¼ 4 GeV2. The results are compared
to the empirical parametrizations of the experimental data from Refs. [12] (HKNS) and [10] (DSS). Here ‘‘NJL-jet’’ and ‘‘with
decays’’ denote the fragmentation functions calculated without and with inclusion of pions originating from decays of vector meson
resonances. The shadows show the uncertainties of the empirical functions of Ref. [12].
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FIG. 9 (color online). The total fractions of momenta carried
by mesons of type m from the jet of (a) u and (b) s quarks
calculated using the numerical solutions for fragmentation func-
tions at the model scale Q20 ¼ 0:2 GeV2. Here ‘‘splittings’’
denote the momentum fractions calculated using the elementary
splitting functions hzd^mq ðzÞi, ‘‘NJL-jet’’ and ‘‘with decays’’ de-
note the momentum fractions calculated from solutions for the
fragmentation functions without and with inclusion of pions and
kaons originating from decays of vector meson resonances (the
corresponding columns arranged from left to right for each
hadron).
MONTE CARLO SIMULATIONS OF HADRONIC . . . PHYSICAL REVIEW D 83, 114010 (2011)
114010-9
Fig. 6. – The zDh1,u(z) for h = pi
+ (left panel) and h = pi− (right panel). Dashed and dot-dashed
lin s for the par trizations of HKNS [26] nd DSS [27], the uncertainty b nds referring to
HKNS. Dotted line for the result of the NJL jet model, solid (red) line includes in the cascade
also intermediate vector mesons [56].
momentum fraction in the range [z, z+∆z], is deduced by calculating the average number
of hadrons of type h produced in the cascade depicted in Fig. 5 for a predefined number
of steps Nstep. Each step of the cascade is randomly sampled using the d
h
q calculated
in the NJL jet model, and the entire cascade is simulated Nsim times with Nsim large
enough to stabilize the average. When the hadron h is a baryon, the internediate states
Q are described in the framework of the spectator scalar diquark model [56].
In Fig. 6, the zDh1,u(z) is shown for the favoured (h = pi
+, left panel) and unfavoured
channels (h = pi−, right panel). The dashed and dot-dashed lines represent the phe-
nomenological parametrizations of HKNS [26] and DSS [27] (see Tab. I), the uncer-
tainty bands referring to HKNS. The result of the NJL jet model is represented by the
dotted line, while the solid (red) one includes in the cascade also intermediate vector
mesons, further decaying into the observed pi±. For sake of consistency with the em-
pirical parametrizations, the NJL jet model results are evolved at NLO from Q20 = 0.2
to Q2 = 4 GeV2. The Lepage-Brodsky scheme adopted in regularizing the calculation
of loop diagrams reduces the available range in z depending on the hadron type h. For
z → zmin(h) the Monte Carlo result for zD1(z) tends to a constant which becomes larger
for increasing Q2, from which the apparently divergent behaviour for small z. We refer
the interested reader to Ref. [56] for the results about other channels.
3
.
3. Recursive model . – Present Monte Carlo event generators of quark and gluon
jets do not include spin in the elementary degrees of freedom. Therefore, in order to
have a guide in studying azimuthal asymmetries like the Collins effect, a new quantum
approach to polarized quark fragmentation was suggested in Ref. [57]. As an example, the
production of N pseudo-scalar mesons h1, h2, . . . , hN , in e
+e− annihilation is depicted
in Fig. 7 via the elementary annihilation q0q¯−1, where in each step i of the chain, from
right to left, we have qi−1 = hi + qi for i = 1, .., N , and qN = −q¯−1.
Considering the upper part of Fig. 7 as a Feynman amplitude with spinors, vertices
and propagators, it is possible to study its dependence on spin by introducing some ad hoc
simplifications. In Ref. [57], this amplitude was estimated in a socalled multiperipheral
model by using Pauli spinors and matrices in the vertices, and by approximating each
intermediate fermion propagator at step i with an expression similar to the meson-nucleon
UNPOLARIZED AND POLARIZED FRAGMENTATION FUNCTIONS 9
Figure 1. Electroweak boson → qq¯ → mesons.
qN ≡ q−1 is a ”quark propagating backward in time” and kN ≡ −k(q¯−1).
Kinematical notations :
k0 = k(q0) and k(q¯−1) are in the +zˆ and−zˆ directions respectively. For a quark, tn ≡ knT .
For a 4-vector, a± = a0± az and aT = (ax, ay). We denote by a tilde the dual transverse
vector a˜T ≡ zˆ× aT = (−ay, ax).
In Monte-Carlo simulations, the kn are generated according to the splitting distribution
dW ( qn−1 → hn + qn) = fn(ζn, t2n−1, t2n,p2nT , ) dζn d2tn , ζn ≡ p+n /k+n−1 .
In particular the symmetric Lund splitting function [3],
fn ∝ ζan−1−an−1n (1− ζan) exp
[−b (m2n + p2nT )/ζn] , (3)
inspired by the string model, fulfills the requirement of forward-backward equivalence.
On can also consider [6] the upper part of Fig.1 as a multiperipheral [7] diagram
with the Feynman amplitude
Mq0+q¯−1→h1...+hN = v¯(k−1,S−1) ΓqN ,hN ,qN−1(kN , kN−1) ∆qN−1(kN−1) · · ·
· · · ∆q2(k2) Γq2,h2,q1(k2, k1) ∆q1(k1) Γq1,h1,q0(k1, k0) u(k0,S0) . (4)
S0 and S−1 are the polarisation vectors of the intial quark and antiquark. S2 = 1, Sz =
helicity, ST = transversity. Γ and ∆ are vertex functions and propagators which depend
on the quark momenta and flavors. Note that Fig.1 is a loop diagram : k0 is an integration
variable, therefore the ”jet axis” is not really defined. Furthermore, in Z0 or γ
∗ decay,
the spins q0 and q¯−1 are entangled so that one cannot define S0 and S−1 separately.
Collins and jet-handedness effects. Let us first assume that the jet axis (quark
direction) is well determined :
- the Collins effect [1], in 1q → h+X , is an asymmetry in sin[ϕ(S)−ϕ(h)] for a transversely
polarized quark. The fragmentation function reads
F (z,pT ;ST ) = F0(z,p
2
T ) (1 + AT ST .p˜T/|pT |) (p˜T ≡ zˆ× pT) . (5)
2
Fig. 7. – The process e+e− → q0q¯−1 → h1 + h2 + . . .+ hN as a recursive q → hq′ splitting.
scattering amplitude,
∆i ≈ exp[−bh2iT /2]
[
µ(h2iT ) + iσ · zˆ× hiT
]
,(3)
i.e. with a non-spin-flip complex function µ and a spin-flip part, b being some free
paramet r. These prescriptions can be shown to respect invariance un er all ”good”
transformations like rotations, boosts, and parity, all considered with respect to the jet
axis zˆ.
If Im(µ) 6= 0, this imaginary part can be shown to act as a source of transverse
polarization at step i even if the quark was unpolarized or longitudinally polarized at
step i − 1 [57]. This means also that during the cascade the helicity of a quark can be
partly converted to its transversity or viceversa. As a consequence, if Im(µ) 6= 0 one can
have for N = 1 a Collins effect S1 · zˆ × h1T , and for N = 2 an iterated Collins effect
with alternate sign, which could explain the experimental findings H⊥ unf1 ≈ −H⊥ fav1
described in Sec. 2
.
3 [38]. This result confirms the outcome of the Lund 3P0 string
mechanism [58]. But in addition it contains the three-particle correlation zˆ · h2T × h1T
named jet handedness [59], which is interpreted as a two-step mechanism: at i = 1, a
transverse polarization S1T ‖ h1T is generated from the helicity S0z of previous step; at
i = 2, a Collins effect take place as zˆ·h2T×S1T , which coinci es with the jet handedness.
Further work is n eded to promote the multiperipheral model of Ref. [57] to a real-
istic Monte Carlo event generator. For example, one should include antiquarks in the
fr gmentation cascad , or explore the interference of the amplitude in Fig. 7 with dia-
grams showing differently ordered N drons. Preliminary experimental results already
appeared for K− SIDIS production by the HERMES collaboration (an almost vanishing
Collins effect [60] and a large cos 2φ asymmetry in the unpolarized cross section [61])
that cannot be easily accommodated in the multiperipheral model in its present version.
4. – Di-hadron Fragmentation Functions
As already sketched in Sec. 2
.
3, the extraction of the transversity parton distribution
via the Collins effect suffers from several uncertainties and model dependencies, mostly
related to the need of dealing with TMD objects. A complementary approach is provided
by the semi-inclusive process ep↑ → e′(h1h2)X where two unpolarized hadrons with
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relative to the lepton-scattering plane, of the target “↑” state. Twist-3 contributions to the
polarized and unpolarized cross sections appear with different azimuthal dependences [20].
Both dihadron fragmentation functions D1,q and H
!
1,q can be expanded in terms of
Legendre functions of cos θ. Hence [43],
D1,q(z,Mpipi, cos θ) " D1,q(z,Mpipi) +Dsp1,q(z,Mpipi) cos θ +Dpp1,q(z,Mpipi)
1
4
(3 cos2 θ − 1) (3)
and
H!1,q(z,Mpipi , cos θ) " H!,sp1,q (z,Mpipi) +H!,pp1,q (z,Mpipi) cos θ, (4)
where the Legendre expansions are truncated to include only the s- and p-wave components,
which is assumed to be a valid approximation in the range of the invariant mass Mpipi <
1.5GeV [43], which is typical of the present experiment.
In refs. [15, 37, 43], it was proposed to measure σUU and σUT integrated over the angle
θ, which has the advantage that in the resulting expression for these cross sections the only
fragmentation functions that appear areD1,q(z,Mpipi) and H
!,sp
1,q (z,Mpipi) (see eqs. (1)–(4)).
However, this requires an experimental acceptance that is complete in θ, which is difficult
to achieve, not only because of the geometrical acceptance of the detector, but also because
of the acceptance in the momentum of the detected pions. As the momentum selection
|Ppi| > 1 GeV strongly influences the θ distribution, the measured asymmetry must be
kept differential in θ.
The single-spin asymmetry AUT ≡ 1|ST |σUT/σUU contains components of a simultane-
ous Fourier and Legendre expansion. The amplitude A
sin(φR⊥+φS) sin θ
UT of the modulation of
interest here, which is related to the product of transversity and the fragmentation function
H!,sp1 , is defined as
A
sin(φR⊥+φS) sin θ
UT ≡
2
|ST |
∫
dcos θ dφR⊥ dφS sin(φR⊥ + φS) dσ7UT / sin θ∫
dcos θ dφR⊥ dφS dσ7UU
. (5)
Using eqs. (1)–(4), it can be written as [43]
A
sin(φR⊥+φS) sin θ
UT = −
(1− y)
(1− y + y22 )
1
2
√
1− 4 M
2
pi
M2pipi
∑
q e
2
q h
q
1(x)H
!,sp
1,q (z,Mpipi)∑
q e
2
q f
q
1 (x)D1,q(z,Mpipi)
. (6)
Due to the factor e2q , the amplitude is expected to be up-quark dominated.
The results reported here are extracted from the single-spin asymmetry
AU⊥(x, z,Mpipi,φR⊥,φS , θ) ≡ 1|S⊥|
N↑ −N↓
N↑ +N↓
, (7)
where N↑(↓) is the luminosity-normalized number of semi-inclusive pi+pi− pairs detected
while the target is in the ↑(↓) spin state with polarization perpendicular to the incoming
lepton beam (rather than to the virtual-photon direction). The asymmetry is evaluated as
a function of x, z, Mpipi, and the angles φR⊥, φS , and θ, which are defined in figure 1.3
3The definitions of the asymmetry and the angles are consistent with the “Trento Conventions” [44].
– 5 –
A technic l, but important, detail..
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￿
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Fig. 8. – The kinematics for the SIDIS process ep↑ → e′(h1h2)X (left panel) and for the process
e+e− → (h1h2)(h′1h′2)X (right panel, adapted from Ref. [62].
momenta P1 and P2 emerge from the fragmentation of the same quark. The kinematics
is similar to the single-hadron SIDIS except for the final state, where the hadron pair
carries a fractional energy z = z1+z2 with a total momentum Ph = P1+P2 and a relative
momentum R = (P1−P2)/2 (see Fig. 8, left panel). The underlying mechanism is related
to Sq ·Ph ×R: the transverse polarization of the fr gmenting quark q is transferred to
the relative orbital angular momentum of th hadron pair. Contrary to the Collins
effect, this mechanism survives after integrating away the transverse momentum of each
particle and can be analyzed in the collinear factorization scheme [3]. The probabilistic
weight for this to happen is represented by the polarized dihadron fragmentation function
H
<) h1h2
1,q (z,M
2
h , Q
2), where P 2h = M
2
h  Q2 is the pair invariant mass and represents a
new soft scale in the process. It is easy to show that |R|2 is a linear function of M2h [63].
Dihadron Fragmentation Functions (DiFF) were introduced in Ref. [64] and studied
for the polarized case in Refs. [65, 66, 67]. The decomposition of the SIDIS cross section
in terms of parton distributions and DiFF was carried out at leading twist in Ref. [68]
and to sub-leading twist in Ref. [69]. Since RT = R sin θ, where in cm frame of the
hadron pair θ is the angle between P1 and the direction of Ph in the lab frame [63], the
leading-twist cross section shows an azimuthally asymmetric modulation proportional to
sin(φR + φS) sin θ, where φR, φS , are defined in Fig. 8. The proportionality coefficient
contains the product hq1H
<) h1h2
1,q [66, 3, 63, 68, 70]: the advantage of working in collinear
factorization scheme reflects in a very simple relation with no convolution on transverse
momenta, as in the case of the Collins effect.
TheH
<) h1h2
1,q is sensitive to the interference between the fragmentation amplitudes into
hadron pairs in relative s wave and in relative p wave [63]. Intuitively, if the fragmenting
quark is moving along zˆ and is polarized along yˆ, a positive H
<) h1h2
1,q means that h1 is
preferentially emitted along −xˆ and h2 along xˆ. The corresponding unpolarized partner
Dh1h21,q is averaged over quark polarization and hadron pair orientation. Similarly to the
single-hadron SIDIS, the unknown DiFF must be independently determined from e+e−
annihilation producing, in this case, two hadron pairs (see right panel of Fig. 8, adapted
from Ref. [62]). The relevant signal is similar to that of the Collins function, except that
each transverse polarization of the qq¯ pair is now correlated to the azimuthal orienta-
tions φR, φR¯, of the planes formed by the momenta of the corresponding hadron pairs,
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Fig. 9. – The combination of valence u, d, flavors for transversity from Eq. 4. Black circles
for the SIDIS data from HERMES [72], red squares from COMPASS [77]. The error bars are
obtained by propagating the statistical errors of each term in the equation. The uncertainty
band represents the same observable as deduced from the parametrization of Ref. [44].
suggesting that H
<)
1 is related to the above mentioned concept of jet handedness [59, 71].
In the leading-twist cross section, this correlation shows up as a modulation proportional
to cos(φR + φR¯) [71].
The A
sin(φR+φS) sin θ
UT spin asymmetry in SIDIS production of a pi
+pi− pair off a trans-
versely polarized proton target was measured for the first time by the HERMES collabo-
ration [72], ruling out the model of Ref. [66] and showing compatibility with predictions
based on the spectator approximation [73, 74] (see also the later Ref. [75]). Prelim-
inary results are available also from the COMPASS collaboration using deuteron [76]
and proton [77] targets. The Acos(φR+φR¯) asymmetry in e+e− annihilation was recently
measured by the BELLE collaboration [62]. By combining these data, the transversity
h1 was extracted for the first time in a collinear factorization scheme, properly including
LO evolution effects in the behaviour of DiFF at different scales [78].
The result is shown in Fig. 9. By assuming certain symmetries of DiFF for pi+pi− pairs
under isospin and charge conjugation transformations [73, 78], the SIDIS spin asymmetry
A
sin(φR+φS) sin θ
UT can be written, after integrating upon z,M
2
h , as
x
[
huv1 (x,Q
2)− 1
4
hdv1 (x,Q
2)
]
=
− A
sin(φR+φS) sin θ
UT (x,Q
2)
Cy
nu(Q
2)
n⊥u (Q2)
∑
q=u,d,s
e2q
e2u
xfq+q¯1 (x,Q
2) ,(4)
where x is the fractional momentum carried by quarks, Cy is the depolarization factor,
hqv1 = h
q
1 − hq¯1, fq+q¯1 = fq1 + f q¯1 , and
nu(Q
2) =
∫
dzdM2hD
pi+pi−
1,u (z,M
2
h , Q
2)
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n⊥u (Q
2) =
∫
dzdM2h
|R|
Mh
H
<) pi+pi−
1,u (z,M
2
h , Q
2) .(5)
The densitiy n⊥u (nu) of pi
+pi− pairs produced by a (un)polarized quark u can be calcu-
lated by fitting the (z,M2h) dependence of DiFF in the e
+e− asymmetry Acos(φR+φR¯), as
described in Ref. [78]. The integrals in Eq. 5 are performed over the range 0.5 ≤Mh ≤ 1
GeV, 0.2 ≤ z ≤ 0.7, considered by HERMES [72]. Evolution effects at LO [79] produce
a reduction of n⊥u /nu by 92%± 8% when moving from the BELLE scale Q2 = 100 GeV2
down to the HERMES 〈Q2〉 = 2.5 GeV2. Using the MSTWLO08 set of unpolarized par-
ton distributions f1 [80], the data points of Fig. 9 are obtained by inserting experimental
data in A
sin(φR+φS) sin θ
UT of Eq. 4. Black circles correspond to the HERMES measurement
of Ref. [72], red squares to the COMPASS one of Ref. [77]. The error bars are obtained
by propagating the statistical errors of each term in Eq. 4, the major role being played by
the experimental statistical errors on A
sin(φR+φS) sin θ
UT . The uncertainty band represents
the same observable as deduced from the parametrization of Ref. [44]. From Fig. 9 we
deduce that there is a substantial agreement between the two extractions of h1 obtained
from two independent methods. However, the statistical meaning of the displayed error
bars is totally different from the uncertainty band of Ref. [44]: in order to perform a
meaningful comparison a more detailed analysis is needed [78].
5. – Outlooks
There are several interesting ongoing developments in each of the fields touched in
previous Sections.
As for single-hadron fragmentations, we are rapidly moving towards a full NNLO anal-
ysis of evolution effects when connecting data forDh1,i(z,Q
2) at differentQ2 scales [81, 82].
For h = K, nonsinglet fragmentation functions for K± can be directly extracted from
data in a model independent way [83], the present limitation being due to weak constrains
coming from a not enough large data set. The ultimate goal would be to construct
a nonperturbative error for Dh1,i by comparing in a meaningful way the most reliable
parametrizations (like HKNS, DSS and AKK08, described in Tab. I), similarly to what
is done for parton distributions. To do so, a common interface similar to LHAPDF is
needed, while at present only the web site http://www.pv.infn.it/∼radici/FFdatabase/
is available. The dependence of Dh1,i upon the transverse momentum of h is probably
the most developing field, since very few experimental inputs are available. New results
have been recently obtained which open the door to a correct treatment of evolution
effects for TMD nonperturbative soft functions in the context of a suitable factorization
theorem [35].
As for two-hadron fragmentations, first data from the BELLE collaboration were
released very recently and much more work has to done in order to unravel dihadron
fragmentation functions and to confirm the first results about the extraction of transver-
sity. In particular, a full flavor separation is in order for the analysis of e+e− →
(pi+pi−)(pi+pi−)X data, enlarging the explored range in invariant mass of the pion pair
to study more contributing resonances. Moreover, new data from the COMPASS col-
laboration have been released [84], which demand for a more refined analysis. Finally,
some data were released from the PHENIX collaboration about the pp↑ → (pi+pi−)X
process [85] (and more data will probably become available from the STAR collabora-
tion in the near future), which should help in separating the antiquark components of
dihadron fragmentation functions and, consequently, of transversity [86].
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